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Abstract

The Antarctic sea ice, which undergoes annual freezing and melting, plays a
significant role in the global climate cycle. Since satellite observations in the
Antarctic region began, 2023 saw a historically unprecedented decrease in the
extent of sea ice. Further ocean warming and future environmental conditions in
the Southern Ocean will influence the extent and amount of ice in the Marginal
Ice Zones (MIZ), the BioGeoChemical (BGC) cycles, and their interconnected
relationships. The so-called pancake floes are a composition of a porous sea
ice matrix with interstitial brine, nutrients, and biological communities inside
the pores. The ice formation and salinity are both dependent on the ambient
temperature. To realistically model these multiphasic and multicomponent cou-
pled processes, the extended Theory of Porous Media (€TPM) is used to develop
Partial Differential Equations (PDEs) based high-fidelity models capable of sim-
ulating the different seasonal variations in the region. All critical variables like
salinity, ice volume fraction, and temperature, among others, are considered and
have their equations of state. The phase transition phenomenon is approached
through a micro-macro linking scheme. In this paper, a phase-field solidification
model [4] coupled with salinity is used to model the microscale freezing pro-
cesses and up-scaled to the macroscale eTPM model. The evolution equations for
the phase field model are derived following Landau-Ginzburg order parame-
ter gradient dynamics and mass conservation of salt allowing to model the salt
trapped inside the pores. A BGC flux model for sea ice is set up to simulate the
algal species present in the sea ice matrix. Ordinary differential equations (ODE)
are employed to represent the diverse environmental factors involved in the
growth and loss of distinct BGC components. Processes like photosynthesis are
dependent on temperature and salinity, which are derived through an ODE-PDE
coupling with the eTPM model. Academic simulations and results are presented
as validation for the mathematical model. These high-fidelity models eventually
lead to their incorporation into large-scale global climate models.
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FIGURE 1 Homogenization of the mixture body.

1 | INTRODUCTION

Recent severe fluctuations in the Southern ocean sea ice extent call for an urgent need of better understanding of the
seasonal physical and BioGeoChemical (BGC) processes occurring within the sea ice. Sea ice is affected by several
environmental factors like temperature, wind patterns, and ocean salinity, among others.

The sea ice microstructure is highly complex, composed of a solid ice matrix with fluid interstitial brine inclusions.
Microbial communities find the brine inclusions nutrient rich habitats for their growth and survival during the harsh
winter months. The growth, or photosynthetic rate of microbial communities is dependent on various environmental
factors like temperature, sunlight, brine salinity, and nutrient availability. While satellite observations and large scale
modeling has brought better understanding of these processes on large scales (>1 km), there still lies a gap in the exact
temporal description of small scale processes like ice freezing and its coupling to biogeochemistry.

In this paper, a mathematical framework in the extended Theory of Porous Media (eTPM) to model thermodynami-
cally consistent freezing process is developed on the macroscale (~1 m). The formation of pores and dendritic patterns
is resolved on a 1D microscale (0.1 mm) model and the pore area is upscaled to the macroscale to regulate ice growth
rate. The algal growth is model using a N-P single nutrient and phytoplankton (N-P) growth model. The current work
follows further from ref. [1], improved by microscale mass exchange between ice volume fraction and brine, description
of evolution of bulk salinity through partial differential equation, and coupled ordinary differential equations for primary
production and nutrient dynamics.

2 | THEORETICAL FRAMEWORK

In this section all important physical and BGC process occurring within the sea ice are modeled. Firstly, processes
related to ice physics, like volume fraction of ice and brine, brine salinity, temperature, and pore properties are pre-
sented in the Subsection 2.1. In the next Subsection 2.2, a single N-P model is presented with different considerations
for environmental conditions.

2.1 | Seaice physics

The eTPM [2-4] presents a method for modeling heterogeneous materials using the concept of volume fractions, where
miscible components ¢f can exist within the immiscible macro phases ¢*. The overall homogenized mixture body ¢ can
then be written as

e=Jo" :=U(U¢“ﬁ), @
z E

24

where « = 1, ..., x are the number of immiscible phases, denoted by ¢* and § = 1, ..., » are the miscible phases, denoted
by ¢*F. For sea ice, the immiscible phases of solid ice matrix and liquid brine are denoted as & = I, L and the liquid
phase further consists of dissolved salts and water, given as ¢# with {8 = s, w}. Through an averaging procedure the true
structure is homogenized into a smeared continua as shown in Figure 1. The amount of each constituent present in the
control domain is described using the concept of volume fraction given as

_ dv®
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where n” is the volume fraction, given as ratio of partial volume of the phase dv” with respect to the volume of the total
volume dv.

For modeling purposes, the sea ice is assumed to be an isothermal biphasic material with an incompressible solid ice
matrix. The density changes in ice and brine can; however, occur due to temperature and brine salinity, respectively.
Considering the saturation condition for interactions between phases, the following relations are determined.

6 = 0%, pIR — ,OIR(G), pLR Sbr Z 5% =0, ; p* =0, z & =0, 3)

where S is the salinity of brine trapped within the pores in ice, and p%, p%, &% are the mass, momentum and energy
interactions between the phases . Applying necessary and evaluating the Clausmm Duhem entropy inequality yields
the restrictions on constitutive relations. The weak forms of the balance equations can be written by integrating over

the control domain By w.r.t solid phase. The mathematical operators of divergence and gradient are defined as div(s) =

V.(s) = Q -e;and grad(s) = VR () = @ ®e =V(s)= a( )el, and the rate of change of a given quantity w.r.t time

is given by ( )’ The balance equations can then be written as

* Mass balance of ice

/B { (nl);pIR + nI(,oIR);trDI —p! }Snldv =0, (4)

1

where use has been made of the relation tr Dy = Dy - I = grad x -I = div x

* Concentration balance of salt

L
/ {b(s7); +(nt) S + ‘:ﬁsbr(pLR); + nLsbrirDy }5sbulk dv
B

1

L ©)
J° bulk bulk |
- / = - grad 85 dv = / = 5S da,
B \P P
.L . . . . . .L ]
where j- is the total salt flux as a result of advective and diffusive components, given as j=5 = _]a v +j- dlf
* Mass balance of mixture
/ —{n*wy; - grad 5p™® }dv + /
B B
(6)

S 1 1
' <ﬁ - F) }5PLRdV =— [ {n'wy5p'* -n}da,
P P 0B;

where wi is the Darcy velocity of the pore fluid.

* Momentum balance of mixture

IL

IL
/ (Z T“> - grad Su;dv — / <Z p“)b -dupdv = {t - duida, @)
By \ « By \ « 9By

where T is the partial Cauchy’s stress tensor and b is the body force.

* Energy balance of mixture

/Bl{epl(nl);}aedw/ {epL(nL)’L}aedv—/Bl{q.gradae}dv

By

®)
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where ! and 5 are the partial specific entropies of ice and liquid phases, and (h™ — h!) is the latent heat of phase change
due to freezing. A coupled phase field model [5] is used to describe the phase transition between ice and liquid on the
microscale. The evolution of microscale ice volume fraction and salinity are given as

I 2.1
nMicro 5§DLG ach 2 nMicro
5t el oml_ ' ° e
Micro Micro
2.1
3 3 2 1 1 9°ny,
- _n! N S e 1 2 Micro C))
= Myficro + ZnMicro <2 <m 20-> >nMicro te agz

do 0 (Spic\ _ ,9% (1, =2
o5 =25 (%) =2 5 (e +69).
1

wheren, . ., and o are the dimensionless microscale ice volume fraction and bulk salinity, respectively. ¢, and 8 are the

constants determining the length of transition region between ice and salt, and m is a temperature dependent constant
.. . . . P 1 T-Ty
determining the freezing point depression and is givenas m = 3 .

. The macroscale growth rate is determined following
0~ 4s
[6] given as

L_ I
g (a"=d')-nr

- , 10
P =ar (hT —hY) (10)
where ar is the pore area, @ and q! are the heat fluxes of ice and liquid, and nr is the normal direction vector of gradient
of temperature.

2.2 | Seaice BioGeoChemistry

The N-P BGC model assumes a single algal species and a single nutrient [7]. The equation for carbon concentration due
to algae is given as

!/
Alg\ _ (A8pP _ 31 Alg
(ce), = (s5f7 - Agip)ec™ ay
where ﬁi‘l’ g and /Ti“’;gs denote the growth and loss term of algae, respectively. The growth is dependent on the Photosyn-
thetically Active Radiation (PAR), Nutrient availability, brine salinity, and temperature. The growth rate is determined
following [8, 9] and is given as

ﬁill); = ﬁiﬁ; maxE PARFNFsFg, (12)

where Fp4g, Fy, Fs, Fg are the regulating functions of their respective environmental factors. The loss rate of algae is given
as a constant fraction of growth rate

2loss _ A8PP
Al =01 % 7. (13)
Finally, the rate of change of Nutrient is given as
! 8PP 2l Alg
(&) = (=450 + Al ), 4
where rg and f,,, are the stoichiometric ratio and a factor to accommodate remineralization from ocean, respectively. In

the present case both are set to 1 since there is only one nutrient and no interactions with ocean are considered.
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FIGURE 2 IBVP.IBVP, initial boundary value problem.
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FIGURE 3 Temporal evolution of physical and BGC variables. BGC, biogeochemical.

3 | RESULTS

The Initial Boundary Value Problem (IBVP) is set considering physical conditions in the Antarctic MIZ. A low temper-
ature of —12°C is prescribed on nine nodes at the top surface considering the cold atmospheric temperatures as shown
in Figure 2. The rest of the domain has an initial temperature of —1.8°C which is in reasonable agreement with typical
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FIGURE 4 Evolution along height.

seawater temperatures. Bulk salinity is prescribed to be 35ppt in the entire domain and brine salinity is calculated based on
the temperature using the relation SP* = —21.46 — 0.886 62 — 0.0170 8. The time evolution of key quantities is observed
at the central cut section of the cubical domain and is presented in Figure 3.

It can be clearly observed that with time the volume fraction of ice is higher on the top of the control domain and the algal
concentration is higher at the bottom. This can be attributed to low atmospheric temperatures at the atmosphere-ocean
interface which leads to ice growth from the top. As the ocean water has warmer temperature than the upper ice layers,
algae starts forming at the bottom of ice. The available nutrients are used up by the algae and hence a height dependent

plot in Figure 4 shows the simultaneous growth and loss of carbon and nutrient between the initial and final times. The
ice and brine volume fractions are also presented.

4 | CONCLUSIONS

This paper presents a multiscale, multiphase, and multicomponent coupled physical and BGC model to simulate sea ice
growth and carbon production due to algal species living within the brine channels in the ice. On the macroscale eTPM is
employed to model the multiphase and multicomponent nature of sea ice incorporating ice, brine, and salt dynamics. The
size of pores and growth of ice is motivated from the microscale coupled phase field solidification model. The primary
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production and BioGeoChemistry is modeled using various environmental factors like temperature, salinity, light, and
nutrients. Academic simulations are presented to prove the utility of the developed modeling framework. The developed
high fidelity model brings a possibility to be incorporated into large scale global climate models.
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